Let C be a curve of genus g. A coherent system on C is a pair (E, V ), where E is a finite rank vector bundle on C and V is a linear subspace of the space of global sections of E. The type of a coherent system (E, V ) is a triple (n, d, k), where n is the rank of E, d is the degree of E and k is the dimension of V . The notion of stability for a coherent system (E, V ) differs from the stability of the bundle E and depends on the choice of a real parameter α. The moduli space of α-stable coherent systems of type (n, d, k) has an expected dimension β = β(n, d, k) which depends on the genus of the curve C and on the type of the coherent systems.
Introduction
In the early 1990s Le Potier et al introduced the definition of coherent systems, shortly CS, in order to generalize the classical notion of linear series for higher rank vector bundles [Le 93], [Ber94] , [RV94] . A coherent system on a smooth curve C is a pair (E, V ), where E is a finite rank vector bundle on C and V is a subspace of the vector space of global sections of E. We say that (E, V ) is a coherent system of type (n, d, k) if n is the rank of E, d is the degree of E and k is the dimension of V ; a coherent system of type (1, d, k) is a linear series g k−1 d . In 1995 King and Newstead introduced a notion of (semi-)stability for coherent systems, which depends on the choice of a real parameter α, and they constructed the moduli spaces of α-stable coherent systems as GIT quotients [KN95] . The choice of the parameter α is equivalent to the choice of a GIT linearization.
In 1998 He proved that every moduli space of α-stable coherent systems of type (n, d, k) on a smooth genus g curve has expected dimension β = β(n, d, k) = n 2 (g − 1) + 1 − k(k − d + n(g − 1)) [He98] . The integer β is called the Brill Noether number and it reduces to the usual Brill Noether number defined for linear series, ρ = β(1, d, k) = g − k(g − d + (k − 1)), if n = 1 [BGPMN03, 2.7] .
In this paper we construct a perfect obstruction theory (in the sense of [BF97] ) for the moduli spaces of α-stable coherent systems which justifies their expected dimension.
Since only some of the hypotheses in the definition of coherent systems are relevant for this construction, we work in a more general setting. Indeed, we introduce the notion of generalized coherent systems, shortly GCS, which relaxes some of the properties of a coherent system. A GCS on a projective curve C is a triple (F, E, ϕ) where F ∈ Coh(C), E is a finite rank vector bundle on C and ϕ : F → E is a morphism of sheaves. Every coherent system (E, V ) on a smooth curve C naturally induces a generalized coherent system (V ⊗ O C , E, ϕ) on C, where the map ϕ : V ⊗ O C → E is determined by the injection V ⊆ H 0 (C, E). We fix a flat family of Gorenstein projective curves over an algebraic stack M and we construct the moduli stack S of families of GCS on curves in M. Then we prove that S is algebraic in the sense of Artin. We also point out that S comes with a natural representable forgetful morphism G : S → N, where N := Coh M × M Vec M is the moduli stack of pairs (F, E).
The central result of this paper is the construction of a perfect relative obstruction theory for the forgetful morphism G : S → N.
Theorem 2.4. There is a canonical morphism
which is a perfect relative obstruction theory for the forgetful morphism G : S → N.
The construction of this relative obstruction theory allows us to define a perfect obstruction theory for the moduli spaces of simple coherent systems (i.e. CS whose group of automorphisms is the scalars). As α-stable coherent systems are simple, such an obstruction theory induces a perfect obstruction theory for every moduli space of α-stable coherent systems.
Theorem 4.8. Fix α ∈ R. Let C be a smooth, projective, genus g curve and let (n, d, k) be a suitable triple of positive integers. Let β := β(n, d, k) be the Brill Noether number. Then the moduli space of α-stable coherent systems of type (n, d, k) has a perfect obstruction theory of rank β.
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Notations and conventions
Unless otherwise mentioned, we work over an algebraically closed field k.
We denote by (Sch) the category of schemes of finite type over k; we assume all schemes to be objects of (Sch).
A groupoid is a category in which every morphism is an isomorphism. A category fibered in groupoids is a category fibered in groupoids over (Sch) in the sense of [Ols16] .
If T is a scheme and X is a category fibered in groupoids, a T -point of X is an object in the groupoid X(T ).
An algebraic stack, or Artin stack, is an algebraic stack over k in the sense of [Art74] or [Ols16] . We assume all algebraic stacks to be locally of finite type over k.
A Deligne Mumford stack is a Deligne-Mumford stack in the sense of [DM69] or [Ols16] .
A coherent system is a coherent system in the sense of [Le 93] or equivalently a Brill-Noether pair in the sense of [KN95] .
Generalized coherent systems
Recall that a coherent system of type (n, d, k) on a smooth curve C is a pair (E, V ), where E is a vector bundle on C of rank n and degree d, and V is a linear subspace of
The following definition generalizes the notion of coherent system and it is the central object of this work. Definition 1.1. Let C be a projective curve over k. A generalized coherent system on C is a morphism of sheaves ϕ : F → E, where F, E ∈ Coh(C) and E is locally free.
Notice that a coherent system (E, V ) on a smooth projective curve C naturally induces a generalized coherent system V ⊗ O C → E.
In this section we construct a moduli stack of generalized coherent systems and we prove that it is an algebraic stack in the sense of Artin.
Fix a ground algebraic stack M together with a flat projective relatively Gorenstein morphism M ′ → M of relative dimension 1. One may assume either that M = M g is the algebraic stack of genus g smooth curves, or that M = M g is the Deligne Mumford compactification of M g . We let M be any algebraic stack satisfying these properties, since we intend to work in the greatest possible generality. Notation 1.2. Let T be a scheme. If T → M is a morphism of stacks, then M ′ × M T → T is a morphism of schemes and it is a relatively Gorenstein flat projective family of curves over T . On the other hand, if we say that C → T is a family of curves (or more specifically an M-family of curves over T ) we always mean that we have fixed a morphism of stacks T → M, C = M ′ × M T and C → T is the second projection. Hence all the families of curves that we consider are projective and relatively Gorenstein. Definition 1.3. Let T be a scheme. A family of generalized coherent systems (C → T, F → E) over T is defined by the following data:
2. a morphism of sheaves F → E, where F, E ∈ Coh(C), F is flat over T and E is locally free.
of families of generalized coherent systems over T is a triple (α, β, γ), where α : C → C ′ is induced by an isomorphism in M(T ), β : F → α * F ′ and γ : E → α * E ′ are isomorphisms of sheaves such that the following diagram commutes:
Let us denote the groupoid of families of generalized coherent systems over T by S(T ). Letting T vary, we get a category fibered in groupoids that we denote by S. Actually it is an algebraic stack, as we will prove in 1.9. We call S the moduli stack of generalized coherent systems. It comes together with a natural forgetful morphism
Notice that the induced groupoid functor S(T ) → M(T ) is not faithful, as there exist non trivial isomorphisms in S(T ) which map to the identity in M(T ).
Notation 1.4. Let S ′ := M ′ × M S and letπ : S ′ → S denote the second projection. The morphismπ : S ′ → S is relatively Gorenstein and we denote byω its dualizing bundle.
The stack S has a universal family which is a morphism φ :F →Ē in Coh(S ′ ). Notice thatF is flat over S andĒ is locally free. Definition 1.5. Let T be a scheme. Define a groupoid Coh M (T ) such that:
1. the objects of Coh M (T ) are pairs (C → T, F ), where C → T is an M-family of curves (as in 1.2) and F ∈ Coh(C) is flat over T ;
Letting T vary, we get a category fibered in groupoids that we denote by Coh M . It comes with a natural forgetful morphism Coh M → M.
Analogously, define a category fibered in groupoids Vec M whose T -points are pairs (C → T, E), where C → T is an M-family of curves and E ∈ Coh(C) is locally free.
Define
Notice that there is a natural forgetful morphism N → M.
Lemma 1.6. The category fibered in groupoids N is an algebraic stack.
Proof. It suffices to show that Coh M and Vec M are algebraic stacks. This is a standard result, see for example [Ols16] or [Hei10] .
There is a natural forgetful morphism
The induced groupoid functor S(T ) → N(T ) is faithful, as every isomorphism in S(T ) comes from an isomorphism in N(T ).
Hence the morphism G : S → N is representable. In 1.8 we shall see that G : S → N is actually strongly representable and it gives S the structure of an abelian cone over N. The stack N has a universal family which consists of a pair of coherent sheaves (F, E) on N ′ . Notice that F is flat over N and E is locally free. In 1.4 we denoted the universal family of S by φ :F →Ē and the dualizing bundle of the morphismπ :
Proposition 1.8. There is a natural isomorphism of N-stacks
In particular, S is an abelian cone over N.
Proof. Fix a scheme T . Recall that S(T ) = {t : T → N, ϕ :t * F →t * E}, where we have used the notationt :
By Grothendieck duality and cohomology and base change there is a canonical bijection Hom(t
which induces an equivalence of groupoids S(T ) → A(T ).
This equivalence is compatible with pullbacks and hence it induces an isomorphism of stacks S → A. Notice that it is indeed an isomorphism of N-stacks. Corollary 1.9. The moduli stack of generalized coherent systems S is an algebraic stack and the forgetful morphism G : S → N is strongly representable. Now we show that the morphism G : S → N locally factorizes as the composition of a smooth morphism and a closed embedding. We need the following preliminary result. Lemma 1.10. Let p : X → Y be a flat projective morphism of algebraic stacks of relative dimension 1; assume that Y is quasi-compact. Let F ∈ Coh(X) be a flat sheaf over Y . Then F has a resolution
where M is locally free, p * K = p * M = 0 and R 1 p * K and R 1 p * M are locally free. We say that 0 → K → M → F → 0 is a resolution of F with respect to p : X → Y .
Proof. We split the proof in two parts.
(i) Assume that p : X → Y is a morphism of schemes and that Y is an affine scheme. Let n ≫ 0 and
The sheaf M is locally free, since F is flat over Y [Har77, III.9.9]; the canonical morphism M → F is a surjection [Har77, III.8.8]. For every point y ∈ Y (k) let X y := X × Y Spec k and let y : X y → X be the first projection; since k is algebraically closed and Y is quasicompact, we have that H 0 (X y ,ȳ * M) = 0 for every y ∈ Y (k) [Har77, III.7.6 and III.12.11]. By Nakayama's Lemma that implies that p * M = 0. In particular, R 1 p * M is locally free.
Let K := Ker(M → F ); the sheaf K is flat over Y since F is flat over Y , M is locally free and p : X → Y is a flat morphism of schemes. Moreover p * K = 0. Hence R 1 p * K is locally free.
(ii) One can check that the previous construction works for morphisms of algebraic stacks using descent for coherent sheaves. Proof. By restricting to an open subset, we may assume that N is quasi-compact. Let F := F ⊗ E ∨ ⊗ ω ∈ Coh(N ′ ) (we set the notation in 1.7). Choose a resolution 0 → K → M → F → 0 of F with respect to π : N ′ → N (as in 1.10). According to Proposition 1.8, the surjective morphism M → F induces a closed embedding S → Spec Sym(R 1 π * M) which is a morphism of N-stacks. Since R 1 π * M is locallly free, the structure morphism Spec Sym(R 1 π * M) → N is smooth.
We can use this factorization of the morphism G : S → N in order to give a local description of the truncated cotangent complex of G. That will be useful for the construction of a perfect obstruction theory for G. Indeed, as we will see in the proof of Proposition 2.4, it is essential to have a local description of the cotangent complex of G related the resolutions introduced in 1.10. Corollary 1.13. Choose a local factorization S → X → N of G : S → N, as in 1.12. Let I be the ideal sheaf of S → X and Ω be the cotangent bundle of X → N.
Proof. That is a consequence of [Sta17, Tag 08SH].
The obstruction theory
In this section we construct a relative perfect obstruction theory for the forgetful morphism G : S → N (defined in Section 1). In order to fix the notation, we recall the definition of obstruction theory as it is introduced in [BF97] .
Definition 2.1. Let X → Y be a Deligne Mumford morphism of algebraic stacks; let
Coh (X) is called an obstruction theory for the morphism X → Y if h 0 (ξ) is an isomorphism and h −1 (ξ) is surjective. We say that an obstruction theory
Definition 2.2. Let X be an algebraic stack; let
Coh (X) and let 
be a morphism of locally free sheaves considered as an object of D
Recall thatπ : S ′ → S denotes the universal curve over S, φ :F →Ē denotes the universal family of S andω denotes the dualizing bundle ofπ : S ′ → S (see 1.4 and 1.7).
Proposition 2.4. There is a canonical morphism
which is a perfect obstruction theory for G : S → N.
Proof. We split the proof in two parts. (i) By restricting to a local chart, we may assume that N is a (quasi-compact) scheme.
With the notation of 1.7 let F := F ⊗ E ∨ ⊗ ω ∈ Coh(N ′ ). Choose a resolution 0 → K → M → F → 0 of F with respect to π : N ′ → N (as in 1.10). It induces a factorization G = q • ι where ι : S → Spec Sym(R 1 π * M) is a closed embedding and q : Spec Sym(R 1 π * M) → N is smooth (see the proof of 1.12). Let I denote the ideal sheaf of ι and Ω denote the cotangent sheaf of q.
(see 1.13), we have a natural surjection q * R 1 π * K → I and a natural isomorphism q * R 1 π * M → Ω, and the following diagram commutes:
and thatḠ : S ′ → N ′ denotes the first projection (see 1.7). By cohomology and base change we have that
L G which does not depend on the choice of the resolution and is a perfect obstruction theory for G : S → N.
(ii) Since there is not a straightforward procedure to glue morphisms in the derived category of S, we need to introduce some formal tools described in [BF97] . Let N be a (quasi-compact) scheme and N ֒→ N be a local chart of N; let S := S × N N and G 0 : S → N be the second projection; let S ′ := S ′ × S S andπ 0 : S ′ → S be the second projection; letF 0 ,Ē 0 andω 0 be respectively the restriction ofF, E andω on the scheme S ′ . In the first part of the proof we have constructed a perfect obstruction theory ξ 0 : 
One can do this procedure on every local chart of N and check that the morphisms ξ ∨ 0 glue to a global morphism
, which is a closed embedding by construction. Hence, by [BF97, 2.6], ξ ∨ is induced by a morphism ξ :
Corollary 2.5. Let n := (C → Spec k, F, E) ∈ N(k) be a k-point of N (see 1.5) and let s ∈ S(k) be a k-point of S such that G(s) = n. Then the tangent space of G : S → N at s is Hom(F, E) and an obstruction space of G at s is Ext 1 (F, E) .
Coh (k). By base change we have that
Proposition 2.6. If the universal sheaf F of N is locally free, then there exists a canonical morphism
which induces the obstruction theory for G : S → N.
Proof. Since both F andF are locally free sheaves (F is the pullback of F, see 1.4 and 1.7), the abelian cones p :
are vector bundles and, hence, their structure morphisms p andp are smooth. The universal morphism φ :F →Ē canonically induces a section f :
From the first triangle we get a map Lp → L z and hence a map Lf * Lp → Lf * L z ; from the second triangle we get a map Lf
Now we use Grothendieck duality:
Hence, the morphismF ⊗Ē ∨ → Lπ * L G naturally induces a morphism
Rigidification
Let X be an algebraic stack, let H be a separated group scheme and assume that for any affine scheme T and any x ∈ X(T ) there is an injective morphism of groups H(T ) → Aut(x) which is compatible with pullbacks. As shown in [ACV03, Section 5.1], this implies the existence of a canonical algebraic stack X H and a canonical morphism X → X H which makes X into a gerbe over X H banded by H. The morphism X → X H is called the rigidification of X along H. In this section we describe the rigidification of the stack S with respect to the multiplication by scalars and we prove that the obstruction theory for the forgetful morphism G : S → N descends to the rigidification (the stacks S and N and the morphism G : S → N are defined in Section 1; we constructed a relative obstruction theory for G : S → N is Section 2).
Notation 3.1. We use the notation G to denote the multiplicative group scheme G m = Spec C[t, t −1 ] and O(G) to denote the space of global sections H 0 (G, O G ).
Lemma 3.2. Let T be an affine scheme and let s := (C → T, F → E) ∈ S(T ) be a family of generalized coherent systems over T (see 1.3). Then there is a canonical injective morphism of groups G(T ) → Aut(s) which is compatible with pullbacks.
Proof. Assume T = Spec R; then G(T ) is the group of invertible elements of R, R × . But any r ∈ R × canonically induces an automorphism of s by multiplication. The induced group map G(T ) → Aut(s) is injective because F and E are flat Rmodules.
Remark 3.3. With an analogous argument one can check that for any n ∈ N(T ) there is a canonical injection G(T ) → Aut(n) which is compatible with pullbacks. ♦ Proposition 3.4. Let S → S G be the rigidification of S along G and let N → N G be the rigidification of N along G. Then there exists a unique morphism (up to unique 2-isomorphism)G : S G → N G such that the following diagram is 2-cartesian:
Proof. That is a consequence of the universal property of the rigidification S → S G .
Lemma 3.5. Let n := (C → Spec k, F, E) ∈ N(k) and let λ ∈ G(k) be a (nonzero) scalar. Then the automorphism induced on Ext i (F, E) (for i = 0, 1) by acting simultaneously on E and on F with the scalar λ is the identity.
Proof. Since the functor Ext
i is contravariant in the first variable and covariant in the second, the scalar automorphism λ applied to the first variable acts as λ −1 , and applied to the second variable it acts as λ.
Proposition 3.6. Let X be an algebraic stack and let p : X → X be a gerbe banded by G. Define
Then the derived functor Lp
Proof. By definition of gerbe the morphism p : X → X is flat, hence the derived functor Lp
is just the ordinary pullback p * . One can check that also p * is exact. Hence for any
On the other hand one can check that for any E ∈ Qcoh(X) the canonical morphism E → p * p * E is an isomorphism. Hence for any complex
Corollary 3.7. The obstruction theory E • → τ ≥−1 L G (introduced in 2.4) canonically induces a perfect obstruction theory for the rigidified morphismG :
). Let p : S → S G be the rigidification of S along G. By Proposition 3.6, Lemma 3.5 and Nakayama's Lemma there exists a uniqueẼ
LG , since the morphism p is smooth. Hence the morphism E
•
LG, again by Proposition 3.6. One can check thatẼ
LG is a perfect obstruction theory forG :
Applications
In this section we prove that the relative obstruction theory defined in Section 2 induces a perfect obstruction theory for the moduli spaces of α-stable coherent systems. Throughout this section we will assume that the universal sheaf F of N (see 1.4 and 1.7) is locally free. Hence the universal sheafF of S is locally free, too. With an abuse of notation, we still use the letter G to denote the morphism G : S smp → N, which is the restriction of the forgetful morphism S → N to S smp . 
The rank of an obstruction theory at a point is given by the dimension of the tangent space minus the dimension of the obstruction space at that point, so we have that
compare Corollary 2.5. Hence r = χ(E ⊕k ) = k(d + n(1 − g)) .
On the other hand
By comparison we deduce that r + δ = β.
Since α-stable coherent systems are simple, our computation provides a perfect obstruction theory of rank equal to β for every moduli space of α-stable coherent systems. [RV94]
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